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In this paper, tumor-immune system interaction has been considered by two fractional order models. The
first and the second model consist of system of fractional order differential equations with Caputo and
conformable fractional derivative respectively. First of all, the stability of the equilibrium points of the
first model is studied. Then, a discretization process is applied to obtain a discrete version of the second
model where conformable fractional derivative is taken into account. In discrete model, we analyze the
stability of the equilibrium points and prove the existence of Neimark-Sacker bifurcation depending on
the parameter o. Moreover, the dynamical behaviours of the models are compared with each other and
we observe that the discrete version of conformable fractional order model exhibits chaotic behavior.
Finally, numerical simulations are also presented to illustrate the analytical results.
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1. Introduction

Research on fractional calculus has gained much interest over
the past decades and furthermore, fractional order differential
equations has been well applied to many research field such as
physics [1,2], chemistry [3], medicine [5], finance [4] and engineer-
ing [6]. These equations are also widely used to model biological
phenomenon and there are successful applications in this field. It is
also demonstrated that biological models constructed by fractional
order differential equations exhibit more realistic results compar-
ing with integer order counterpart [7-9]. This is for the reason that
fractional order derivatives involve memory and which is quite fa-
vorable to work on biological processes.

Trying to generalize notion of differentiation to arbitrary or-
der brings out several approaches. The most knowns are Riemann-
Liouville, Caputo and Griinwald-Letnikov definitions [10]. In ad-
dition to these definitions, a new definition called “conformable
fractional derivative” has been introduced by Khalil et al. in 2014
[13]. According to this definition, the left fractional derivative start-
ing from a of the function f: [a, co) — oo of order 0 <« <1 has its
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own limit-based definition as follows:
—_a)l-2) —
€e—0 €
provided the limit exist. The right fractional derivative of order
0 <o <1 terminating at b of f is defined by

1-a
€—0 €
Note also that if f is differentiable in usual sense, we have the fol-
lowing equalities:
(T () = (t =)'~ f(t), CTHE) = =b)f (). (1)

Unlike classical fractional derivative definitions, conformable
fractional derivative share some basic properties with integer order
derivative. In [14], Abdeljawad introduced conformable versions of
exponential functions, Gronwall’s inequality, integration by parts,
Taylor series expansion and Laplace transforms. Moreover, biolog-
ical and physical applications of conformable fractional derivative
can be found in [15-19].

Together with these definitions, there are numerous approaches
being studied by applied mathematicians. Researchers trying to
find the most efficient approach while constructing or adjusting
their models. Meanwhile, some numerical methods such as Ado-
mian decomposition [20], Adams-type predictor-corrector [21] and
homotopy perturbation method [22] are also developed to solve
fractional differential equations [23]. In addition to the these nu-
merical methods, several papers have used piecewise constant ap-
proximations to discretize fractional order differential equations
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[27-29]. In [17], Kartal and Gurcan considered the conformable
fractional logistic equation with piecewise constant arguments
with adopting the method presented by Gopalsamy in [30].

The tumor-immune interaction model studied in this paper
originated from the following model presented by Kuznetsov et al.
[24]:

%25+F(E,T)—mET—dE, 2)
4L — aT (1 - bT) — nET,

DET

where F(E,T) = In study [25],
F(E,T) = OET and thus model (2) takes the form
{zf =s+oET — dE,

4L = aT(1 - bT) — nET,

Galach suppose that

(3)

where @7 =60 —m. Then, the dimensionless form of the model
(3) can be obtained as

(4)

{g’[‘ =0 4+ wxy — 8%,

¥ =yy(1-By) —x,
where x and y denote the dimensionless density of ECs and TCs re-
spectively, x = E/Eg, y =T/To. .y = 5= f =bTo. § = %’ o=
w = aq/n, Eg and Ty are the initial conditions.

In the study [26], the fractional order form of the model (4) is
considered with the Caputo sense as follows:

{ D*x(t) = 0 + wxy — 6x,
Dey(t) = yy(1 - By) -y,

with initial conditions x(0) = Xy > 0 and y(0) =yo > 0. Thus, con-
formable fractional order version of the model (4) is given as fol-
lows:

T,E(t) = 0 + wET — §E, 6
T,T(t) = yT(1 - BT) —ET (6)

_s_
nEgTy >

(5)

where we take o« €(0, 1) as conformable fractional order.
The aim of this study is to investigate the dynamical behaviour
of model (5) and model (6) and to compare the obtained results.

2. Dynamical behaviour of fractional order tumor model

Here, we adopt fractional order model (5) with Caputo frac-
tional derivative which is defined by

oo = [ L

x)oz n+1 dx.

2.1. Stability analysis

Theorem 1 [11,12]. Consider the system
DZf(t) = f(t. X(t)), X(to) = Xo. (7)

Let J(X*) denote the Jacobian matrix of the system (7) evaluated at the
equilibrium point X*.

(1) The equilibrium point X* is locally asymptotically stable if and
only if all the eigenvalues A;, i=1,2,...,n of J(X*) satisfy
larg(Ap)| > 9.

(2) The equilibrium point X* is stable if all the eigenvalues A;,
i=1,2,....n of J(X*) satisfy |arg(A;)| = %= and eigenvalues
with |arg(k )| = %E have the same geometrlc and algebraic
multiplicity, and

(3) The equilibrium point X* is unstable if and only if there
exist eigenvalues A; for some i=1,2,..., n of J(X*) satisfy
jarg(A)| < 4.

An equilibrium point of model (5) is obtained by solving the
following system:

D¥x(t) =0
DY (t) =0
That is

{a-i—a)xy—éx:O,

yy(1—By) —xy =0.

Hence, we have two equilibrium points:

i. The tumor-free equilibrium point Eg = (§, 0),

ii. The coexistence equilibrium point
—(ET) = (y( ﬁ8+a))+f v (Bé+w)— f)

’ 2y o

where A =4y Bow+y?(B88 — w)?. Under the condition o <y§,
the coexistence equilibrium point is always positive.

Theorem 2. For the equilibrium point Eq = (%, 0) of model (5), the
following results holds true;

i. If o0 >y$, then Eg is locally asymptotically stable,
ii. If o <y 4, then Ey is unstable and is a saddle point.

Proof. The Jacobian matrix of the model (5) evaluated at equilib-
rium point Eg is given by

J(E) = (‘0‘3 ygiwg)

Hence the eigenvalues of J(Ep) are A; = —§ and A, =y — §. Since
A1<0, we have arg(A;) =7 which satisfies |arg(A1)| > &F. If
o >y4é, then A, <0 and arg(A;) = w which results in |arg(i,)| >
&L, According to Theorem 1, equilibrium point Ey is locally asymp-
totically stable if o > y4. If 0 <y 6, then A, > 0. Hence arg(X,) =

which always satisfies |arg(A;)| < %F. By Theorem 1, the equ111b-

rium point Eg is a saddle point so unstable O

Theorem 3. Consider the coexistence equilibrium point E; of the
model (5). Under the positivity condition o <y, E; is locally asymp-

totically stable. Moreover, if o= W E, is asymptotically sta-

ble under the condition y<ﬂ25 o

Proof. The Jacobian matrix of the model (5) evaluated at equilib-
rium point E; is given by

S+VA-
JEy < [ AP VA ye)
1 VA-y (B5+w) VA-y (B5+w) :
2By 20

Then, under the positivity condition o <y of the coexistence
equilibrium point, the determinant and the trace of J(E;) are

VE(BySs —vVA+yw)

det((E1)) = Bro >0
() = 3~y Lo <

Thus, the eigenvalues of J(E;) are written as
A= %(tr(l(&)) + 2 ((Er)) - 4det(1(El)>)
- %(trum)) — R (ED) - 4det(1<El)>)

If tr2(J(E;)) —4det(J(E;)) > 0, then the eigenvalues becomes
negative real numbers; if tr2(J(E;)) — 4det(J(E;)) < 0, then we ob-
tain a pair of complex conjugate eigenvalues A; and A, = A;. Since
tr(J(E1)) <0, we have Re(A;) =Re(A;) <0 and consequently we
have |arg(Aq,)| > %4F.

If & /31/25(/5<y+8> —w)

(-By+o

. then tr(J(E;)) =0. So, we obtain a pair of

complex conjugate eigenvalues A; and A, = A;. Since Re(A;{) =
Re(Ay) =tr(J(E1)) =0, we have arg(Aq) =% and arg(Ay) = -5
leading to |arg(Aq )| > %F. O
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Fig. 1. Stable dynamical behaviour of the model (5) for the parameter values given in Table 1 with o = 0.1181 in (a) and o = 0.5 in (b) with initial condition (E, T) = (3, 10)
where blue and red curves represent population density of ECs and TCs respectively. (For interpretation of the references to colour in this figure legend, the reader is referred

to the web version of this article.)

2.2. Numerical simulations

In this section, the predictor-corrector method is used for nu-
merical simulations of the model (5). This method introduced in
[36,37] which is a combination of some product integration rules,
known as fractional Adams-Bashforthm-Moulton methods [38].

To analyze the effects of the model parameters on its dynamics,
it is easier to make qualitative analysis on the dimensionless form
of the model (3). That is why we obtained non-dimensionalized
model on which qualitative analysis is performed.

In Fig. 1, we get asymptotically stable coexistence equilibrium
points for different values of o. In Fig. 1a for smaller values of o,
we observed an oscillatory behaviour for both ECs and TCs. Ac-
cording to Theorem 1, fractional derivatives enlarges the regions
of stability. Here, we also observed that smaller fractional order
derivatives damps the oscillation behavior and for smaller frac-
tional derivatives, both ECs and TCs approaches quicker to the
equilibrium point. In Fig. 1b for o = 0.5, ECs are more success-
ful but insufficient in eradicating the TCs and oscillatory behaviour
disappears comparing with Fig. 1a. Both situations corresponds to
the dormant tumor state [24,25].

3. Dynamical behavior of conformable fractional order tumor
model

3.1. Discretizations process

In this section, we will discretize the model (6) by using piece-
wise constant approximation [17]. Consider the conformable frac-
tional order model (6) as

TT() = yT()(1 - BT(0)) — ECLIT (). (8)

{QE@)=0=+wEaﬂXMVU—8EUL
with E(0) = Ey and T(0) = Ty, where [t] denotes the integer part
of te[0, o) and h > 0 is discretization parameter.

Appliying the property (1) of conformable fractional derivative
to the first equation of the system (8) for t € [nh, (n + 1)h) gives

dE(

(t- nh)l’“Tt) =0 + wE(t)T(nh) — SE(t).

By simplifying this equation, we get
86— a)T(nh)] _ o
(t —nh)1-« | — (t —nh)1-o"

Clearly, this is a first-order linear ordinary differential equation.
Solving this equation with respect to te [nh, t), we obtain

(6 — T (mh)E(uh) +0 (e T 5 1)
e(=oT () =% (5§ _ )T (nh))

and by taking t — (n+ 1)h, we get the following difference equa-
tion

ya>+5a{

E(t) =

o +[(8 — wT (nh))E(nh) — o Je@T -6z
8 — wT (nh) ’

Finally, adjusting difference equation notation and replacing E(nh)
and T(nh) by E(n) and T(n) yields
o +[(8 — wT(n)E(n) — o Je@Tm-5'F

§ —wT(n) '
In a similar fashion, discretizing the second equation of the system
(8)

t

LT® = yTO (1 - 1) ~E([ 1 ]n)T©)
leads to the following difference equation

Tm(y —Em)
(y —E() —y BT(m)eE™-1%T 1y BT (n)
Therefore, we get the two-dimensional discrete system

E((n+1)h) =

E(n+1)=

T(Tl+1) =

T (n)— #
E(n-+ 1) = oH0=oTtpey_ajeerors

T(0)(y—E(m) _
(y—E(m)—y BT ())e® -1 1y BT (n)

Tn+1) =

3.2. Stability analysis

Now, we analyze local asymptotic stability of the system (9).
We note that system (9) and system (5) have the same equilibrium
points that is Eg, E;.

We linearize the system (9) about the equilibrium point Ej.

. . . . h%s
The associated Jacobian matrix has eigenvalues A =e~ @ and
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Fig. 2. Stable dynamical behaviours of the model (9) for the parameter values given in Table 1 with o = 0.1181 in (a), 0 = 0.5 in (b) and initial condition (E,T) = (3, 10)
where blue and red curves represents population density of ECs and TCs respectively. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

hY (o —y8)
Ay =¢e" @It s easy to prove that Ey is locally asymptotically

stable if Y8 <o, and unstable if y§ > 0.

The equilibrium point E; has nonnegative coordinates if the
condition o <8y is satisfied. Now, the Jacobian matrix obtained by
linearizing the system (9) about the equilibrium point E; = (E, T)
is given by

h%c 24,2 -
— e 4 ow(l-e 2Py
A —(Gun a2} _ [ e =¥ Byowi-e =) o) )
ED =\ g a = _1%d o
21 22 —1+e 200 e—%
By
where

c=ByS+vA—-yw and d=Bys-vVA+yo.
The corresponding characteristic polynomial is

A2+ pih+po

where

_ _h% hod
4(173 2apy ) (pefm )ﬂyow
c2 )

h%c g

Do = e 2By e~ 2aw +

h%c h%d
D1

—(e7 v +e—%)4

Theorem 4. Assume that o <8y. The coexistence equilibrium point
(E, T) is locally asymptotically stable if and only if

h* (—VA-y (B5-w)) " (Bys—VA+yw)
e 2aBy —e 200 )cz

O >0 =

(10)

4(—1+e

hY (—VA-y (B3-w)) " (ByS—vA.
2aby )(_Heﬁzﬁwm)ﬁyw

Proof. To check asymptotically stability of E;, we use the following
Jury conditions [31]:

i)1+p1+p0>0, ii)l—p1+po>0, lll)1—p0>0

Under assumption o <8y, we always have c, d > 0. These two in-
equality assures that

_ W% peg
0<e 2By e 20 < 1 (11)

and consequently we have

Yd

14+ pi+po=(1-e 2 )(1—e %)

e e
4(1 —e? ﬁl)(l —e 2aw),3yaw o

+ 2

1-pi+po= (1 +e’%)(] +e*%ﬁ)

4(1—e %) (1-e ) pyow
>
C2
In addition, under the condition (10), we have

+ 0.

_h% hed
_ _h%c hed 4(1—e 20‘1‘*7)(1—@’%)/3)/0&)
Do = € Fre” mw + 2

1. (12)

essentially 1 — pg > 0 and the proof is completed.

Fig. 2 shows asymptotically stable coexistence equilibrium
points for different values of o similarly to Fig. 1. In Fig. 2a for
smaller values of o, we observed more oscillatory behaviour for
both ECs and TCs comparing with Fig. 1a. This is for the reason
that, o = 0.1181 is very close to the critical value o = 0.075445
in Theorem 4 which will be the critical threshold for Neimark-
Sacker bifurcation as we will see in next section. In Fig. 1b for
o = 0.5, the system loses its oscillatory behavior and the tumor
cells extinct for a while, then approaches to the coexistence equi-
librium point. This situation corresponds to the state of a “return-
ing tumor”[35]. Moreover, in Fig. 1b we observe that for a smaller
fractional derivatives, both ECs and TCs approaches quicker to the
equilibrium point.

3.3. Neimark-Sacker bifurcation analysis

In this section, we analyze the Neimark-Sacker bifurcation of
the system (9) at the equilibrium point E;.

First of all, we convert the equilibrium point E; = (E, T) of the
system (9) into the origin by change of variables x; =E —E and
X3 = N — N. Thus, the system (9) turns into

X X Fi(x1,%5,0)
("D - A(“)(x;) * (Fl(xl,xﬁ,a)) (13)

where
A(@) =AEr)



E. Balc, I. Oztiirk and S. Kartal / Chaos, Solitons and Fractals 123 (2019) 43-51 47

and
h¥ay h2*ay; w?
Fi(x1,%,0) = ot“ XX+ — “2 X1%5
8an/32y ocw?*((2-2/an)aBy + h%c 2 - 12a1; B2y 2o’
2ac3 6a2ct

x((8 - 8/am)a’B?y? + Ah*afyc+h*c?)x3 + 0(IX[*).

205 ( (—2+2(122 )C(Cl)-l—had) XZ 4(—a22+a§2)ﬂ ]/(,()XZ
2

B(.x, 0)= 20Byd 1 2d
022(( 4 + 4(122)0[0) + had)
+
ad
3a
+ ot (8 (1 + 1/am)a?
+4(=1 4 2ap)h%awd + h**d?)x3 + 2d2 (8o’ w?
+ 24a%,02w? — 8h%awd + h?*d?
4a3 By w
2 22
— 16ax0w(2ow — h*d))x1x2 + W(Gaw
+1/a3, (4aw — h*d) — (2/ax) (5aw — h*d))x;x3
24a3, (-1 + 1/ax)?B%y2w?
n 22 6d222 B’y 3+ 0(IX[Y).
For 0 =&, the eigenvalues of A(c) are
. —p1(0) £iy/p1(G)? —4pe(0)
A12(0) = D)
where
@) o n“<ﬂy5+«/4yﬁ§m;yﬂ<ﬁa—w)2wm> ehwdmmﬂmm
; - _ 5 — .
and
po(0) =1.

Moreover, we obtain |A;,(0)| =1. So, the eigenvalues of A(0)

are complex conjugates with modulus 1 as required In addi-

tion, p;(@) #0,1 and we can conclude that Ak 2((7) #1 for k=

1,2, 3, 4. Hence, non-strong resonance condltlon is also satisfied.
The transversality condition yields to the inequality

h* (By8+vA) e WA xul(§5+(z)
Zﬁyw( 2aBy —e2ap )(e Jaw —e 20w )
d|A2(0)] £0
do _ " (B2y25+yw(y+8)+vVAw)
o=0 e 20fy® (ByS8+vA—yw)?

which is satisfied for positive parameters and o < 8y.
Now, we calculate multilinear functions:

Zaﬁ(lﬂ o)

Bi(x,y) = 80,90, w=oxjyk

h anw
= %(th +X2¥1)

(BanB2ylow?(2 —2/ay)aBfy + h%c)
- ac X2Y:

5

PR(W.0)|
Z T Ly
. 2022(( 2+ 2ax)ow + h¥d)
= aByd X101

4(—a
+ ( 22 +da22)ﬁywxzy2

Ay ((—4 + 4ax)aw + h*d
+ 2(( otz(;) )(Xﬂ’z +X21),

2
_ PR, 0)
G yu) = j.§1 V5991 |y o X;YiU

By(x,y)

hZaa“a)Z
= T(Xzﬁul + XY1Up + X1Y2Up)
12a:1 B2y20 0’
—%thuz((s - 8ay)a? fy?

+4h%aByc+ h*c?),

2, ’R(Y.0)
Gyu =" Y0y Yy,

JikI=1
3(122 2 92
=W(8022(—1 +apn)atw

+ 4(—] + 2ax)h*awd + hz"‘dz)x1y1u1

2 (8a’w? + 24a},0*w? — 8h*awd + h**d?

XiYiu
=0

2d2
—16anawaw — h*d)) (X2y1u1 + X1y2U1 + X1y1U2)
+ w(2(2 5a5 + 360w

+ (=14 2a3)h%d) (X2y2U1 + X2Y1Up + X1Y2U3)

2407, (=1 + ax7)2 B2y 2w?
n 2( dzzz) By XaYally.

Now, let g ~ (&1 +i¢3,1) € C2 be an eigenvector of A(G) corre-
sponding to A, () and let p ~ (& +i&,,1) € C2 be an eigenvector
of AT (o) corresponding to A, (&). Afterwards, we normalize p with
respect to q. Hence, g and the normalized vector p are computed:

£1+i&,
P=TEre ) TETEIGT)
q= (& +i. 1)

where
ed hD‘(ﬁy(ﬂy6—s/K)Jr(ﬁy(V—S)—«/K)erywz
(cseEt) -
1= g WBY BV By (v -5V Awotye?
Z/Sy(e aw —e 2aPyw )
h%d\  h%d
(—1+em )em
& = g B BrS VA By =) VD ety e?
zﬂ)/( ean —e afyw )
_ _h%c _h%  pag hed
x\/4 — (e 2Fr )2 — 2¢ Why e" mw — (€~ 2w )2,
% pay
'Bye Za/ﬁy (eZNﬁV eZaw)
é‘l = GF] s
2(—1+e 2aw )
g ﬂy\/zl (e Zﬂﬁy )2— 2¢e Zwﬁye guw—(e 2am)2
2

2-2e 201{)

Moreover, for o sufficently close to &, we can express any vec-
tor VeR? as V =zq +ZG, where z is a complex number. Accord-
ingly, for sufficently small |o| (near @), the system (13) can be ex-
pressed in the following form:

Z— AMz+8(z,2,0),

where Aq(0) = (1+ Y (0))e?@ with (o) is a smooth func-
tion satisfying ¥ (q) =0, g is a complex-valued smooth function
of z,z, o, whose Taylor expression with respect to (z,z) contains
quadratic and higher order terms

1 ksl
Z mgk,l(a)z z,

k+1>2

k,1=0,1,2,...

g(z,z,0) = 8u €C,

By using multilinear functions, we can determine the Taylor co-
efficients g; through the following formulas:

£20(0) =< p.B(q.q) >,

gﬂ (E) =< p!B(q7 6) >,
202(7) =< p.B(@.7) >. (14)

£1(0) =<p.C(q.4.9) > .
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Fig. 3. Bifurcation diagram for the model (9) according to the parameter o where o = 0.90. Other parameter values and initial condition are the same as in Fig. 2.

Table 1
Parameter values used for numerical analysis.

Dimensional Parameters  Biological Meanings

Dimensional Values

Dimensionless Parameters ~ Dimensionless Values

s Constant source rate of ECs 1.3 x 104 cells day~! o 0.1181 [24,25]
a Immune response to the TCs ~ 1072,107 (day cells)™! @ 0.04 [25]

d Natural death rate of ECs 0.0412 day! 8 0.3743 [24,25]
a Intrinsic tumor growth rate 0.18 day! 1% 1.636 [24,25]

b b-'Carrying capacity of TCs 2 x 1079 cells™! B! 0.002 [24,25]

Hence, the coefficint k(c"), which determines direction of Neimark-
Sacker bifurcation, can be calculated via the formula

e 0@)g,, ) ((1 — 26i0(@))p-2i0@)

k(o) = Re( 3 31 v @)

g20g11>

1 2 1 2
—= - = 15
2|g11| 4|go2| ) (15)
where e9©@) = A, (7).
Using the above arguments and the theorems in [32-34], we
achieve the following result.

Theorem 5. System (9) undergoes a Neimark-Sacker bifurcation at
the coexistence equilibrium point E; if 0 =o and k(o) # 0. More-
over, if k(o) < 0 (respectively k(o) > 0), there exists a unique closed
invariant curve bifurcate from Eq is asymptotically stable (respectively
unstable).

3.4. Numerical results

In this section, we present numerical simulations which
verify the theoretical analysis described above. The bifurca-
tion diagram of the system (9) given in Fig. 3. For the
parameter values given in Table 1, the system undergoes
a Neimark-Sacker bifurcation about the coexistence equilib-
rium point E; = (1.60922, 8.18465) for 0 = o = 0.0754947 which
shows correctness of Theorem 5. For o =o, we have com-
plex conjugate eigenvalues Aq, = 0.99486 + 0.101259i with mod-
ulus |A12| =1 and the transversality condition W

o=0

—0.0679214 # 0 is satisfied. Afterwards, the Taylor coefficients can
be calculated as g5y = —0.06308 + 0.0825956i, gy, = —0.0833597 +
0.0865614i, g;; = 0.0406717 — 0.000501182i, g,; = 0.00353831 +

0.00571028i and therefore the critical value (15) for Neimark-
Sacker bifurcation is k(o) = —0.00720469 < 0. Hence, we con-
clude that the Neimark-Sacker bifurcation is supercritical (Fig. 4d,
Fig. 5¢).

4. Results and discussion

In this paper, we have considered two fractional order tu-
mor model that is given as system of fractional differential Egs.
(5) and (6) which have Caputo and conformable fractional deriva-
tive respectively. We show that coexistence equilibrium point of
the model (5) is always asymptotically stable and Hopf bifurca-
tion does not occur at the coexitence equilibrium point under the
condition o < y4. Then, the conformable fractional order form of
the model that is given as (6) is discretized by using piecewise
constant approximation and we obtain two-dimensional discrete
dynamical system (9). Thus, the fractional order parameter « is
included as a new parameter into the system of difference equa-
tions.

Bifurcation analysis show that there is no stationary or flip bi-
furcation for the discrete system (9) because of that the condi-
tions 1+ p; + po > 0 and 1 — p; + pg > 0 are always hold. We also
prove that the discrete system (9) undergoes a Neimark-Sacker bi-
furcation at the equilibrium point E; depending on the parame-
ter o which represents the normal rate of the flow of adult ECs
into the tumor cite. From the biological point of view, the value
of o can be increased by the therapy of bone marrow transplan-
tation(BMT). Although the therapy of BMT in cancer treatment is
relatively new compared to standard chemotherapeutic and radio-
therapy regimens, it is explored and applied widely in cancer treat-
ment [39,40].
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The importance of Neimark-Sacker bifurcation in this study
is that, at the bifurcation point stable periodic solutions occurs
around the positive equilibrium point. This mathematical result has
been observed clinically and is known as Jeff's Phenomenon [41].
It means that tumor cells exhibit oscillatory behavior around the
coexistence equilibrium point without any treatment.

In order to explore the effects of variation of the constant
source rate of ECs, we change o and keep other parameters fixed.
From Theorem 5, the critical Neimark-Sacker bifurcation value is
obtained as o = o ~ 0.0754 for the coexistence equilibrium point
E; (Fig. 3, Fig. 4d). As o decreases, both equilibrium points remains
unstable and the system exhibits oscillatory behaviour with higher
amplitude of oscillations (Fig. 4e and f). For 0 = 0.3 > &, both ECs
and TCs approaches to the coexistence equilibrium point E; ~(1.62,
4.72) in a damped oscillatory mode (Fig. 4c) and namely the state
of the dormant tumor is obtained [24,25]. For ¢ = 0.55, the sys-

tem loses its oscillatory behavior and the TCs extinct for a while,
then ECs and TCs approaches to the coexistence equilibrium point
E1~(1.63, 0.93) (Fig. 4b). This attitude corresponds to the state of
a “returning tumor”[35]. As ¢ increases and passing the value of
y38~0.612, the ECs succeeded in eradicating the TCs completely
and the patient is ultimately cured (Fig. 4a).

In addition, we vary the parameter « and keep other parame-
ters fixed in order to explore the effects of fractional order param-
eter. Using the equality (10), the critical Neimark-Sacker bifurcation
value is obtained as o = 0.794117. Fig. 5 shows that the stable be-
haviour of the system is destabilized when fractional order « is
decreasing.

Lyapunov exponents is a useful tool which quantify the chaotic
behaviour of discrete system and the sensitive dependance on
initial conditions. Finally, we compute maximum Lyapunov expo-
nents of system (9) and explore the dependance of these Lyapunov
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Fig. 7. Chaotic attroctor of the system (9) where parameter taken as in Fig. 4,(f).

exponents on parameter o which describes the constant source
rate of immune cells. We vary the parameter ¢ in interval [0, 0.4]
and keep other parameters fixed as in Table 1. As we saw in Fig. 6,
when o gets smaller than o = 0.075445, we obtained positive Lya-
punov exponents and the system (9) tends to exhibit chaotic be-
haviour (See also Fig. 3, Fig. 4f, Fig. 7).

It is well known that fractional order dynamical systems with
Caputo or Riemann Liouville sense are more suitable to model
tumor-immune system interactions because this derivative involves
memory and which is quite favorable to work on biological pro-
cesses. However, Caputo and Riemann-Liouville also have a big
problem that, their kernel although nonlocal but is singular. This
weakness has effect when modeling real world problems [42]. Con-
formable fractional derivative has been put forward to overcome
difficulties emerging Caputo fractional derivative in applications.
This derivative is not perhaps a fractional derivative but has a frac-
tional order and is a natural extension of classical derivative.

In this paper, we consider two fractional order models with Ca-
puto and conformable sense for the tumor-immune system inter-

actions and compare the obtained results. Numerical simulations
show that both of the models exhibit different dynamic behaviors.
Discrete version of the conformable fractional order model (9) de-
scribes a wider class of tumor growth dynamics then of the Caputo
fractional order model (4) such as Neimark-Sacker bifurcation and
chaos. Because the tumor growth before therapy is chaotic [43], it
may be advantageous to use the model (9) instead of the model
(4) for the tumor-immune interaction.
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